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Design relation and graphs are obtained for calculating the filling and emptying of vessels of  limited ca-  
pacity by compressed gas in the case of constant and variable volume. 

Fillin$ of  vessels of  limited capacity and constant volume. The solution of the filling problem for a vessel of  l imi-  
ted capacity reduces to finding the pressure-time relationship. The other parameters of  the gas, connected with the pres- 
sure and the volume of the vessel, can be found from known relations. 

To solve the problem we use expressions for the mass flow per second in subcritical and supercritical flow condi- 
tions. 

For subcritical flow 

2 n-k1 
~ 2gn po [(Pi  ~ - 7 - ( p z ' ~ - J ] } ' / 2  

Gsubcr-----~f{n-- 1 Vo Po ] ~ P o }  J 
(1) 

when 

t P0 lz + 1 

the flow rate is given by the formula for supercritical flow 

'2 Gsupercr=a[[ 2gnn.4- l P0(v0 n-t-2 1 )h~-lJ 1/2" (2) 

Supercritical filling. The weight of  gas entering the vessel in t ime dt will be 

dG ---- Gsecd{. 

For supercritical flow the expression has the form 

(3) 

2 

= dr. 
n + 1 vo Iz § 1 

(4) 

The left-hand side of Eq. (4) can be written as: 

G = V/vi, dG = d(V/vi). (5) 

The variation of  the specific volume v i depends on the conditions of  heat exchange between the vessel and the ex- 
ternal medium and on the amount of gas entering the vessel. 

We will consider two cases: adiabatic variation of the state of  the gas in the vessel, where the heat  loss from the 
gas during filling is small and can be neglected, and the isothermal process, where heat transfer is so rapid that the gas 
temperature always remains constant. 

In the latter case, according to [4], 

d (1/vi) = dPi/te'RTo. (6) 

(4) combined with (6) takes the form 

dG -- V dPi = ~ [Po | /  2gn 2/,~ t 
k ' R T ~  - -  (n --k 1)RTo ~cr d. (7) 

In the case of supercritical flow Eq. 
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We introduce the dimensionless quantities: 

t [ ( 2gnRTo c/rn)~/2]-~ ~,.= P~/ ,  ~----, " % = V  ~Xfmax ~- . (8) 
Po % n + 1 

As we will  see below, r0 is the t ime  constant of  supercri t ical  emptying in the case of isothermal variat ion of the 
parameters of the gas in the vessel. This quantity can convenient ly  be taken as the unit of dimensionless t ime.  I t  can be 
found exper imenta l ly  with sufficient accuracy.  

In dimensionless quantities Eq. (7) takes the  form 

d~ = k'dx, (9) 

and its integral  wil l  be 

k'r  = - 

This expression gives the t ime  in which the value t31 increases to Bz. 

For the case of  an isothermal process, k '  = 1 in expression (6) and 

Subcfi t ical  fill in$. 

takes the form 

(lO) 

(11) 

For subcr i t ical  flow with ad iaba t ic  variat ion of the gas parameters  Eq. (3) combined with (6) 

2 n4-1 
2 g n  ~ n ~'-'~- 1/2 VdPi 

dG = a.f  (~ - -  Po/Vo d t  - -  - -  
t 1 k' RTo n 

(12) 

o r  

2 n + l  I 

(18) 

Whence 

The r ight-hand side of  Eq. 
dition, for any n. 

Performing the integration, we obtain 

1 
T 

E , =  2 "  i v  1 -  - 1 - . 

1 ~0 2 n + l  

E ~cr ~ = _ ~ _  fie- d ~. (14) 
~ - - 1  

(14) is a binomial differential, which can be integrated, according to Chebyshev's con- 

(zs) 

In the case of isothermal variation of the parameters of the gas in the vessel, k' = I in (6) and the integral of Eq. 

(13) will have the form 

x----- 2 ] / c ~  1 - -  ~ f i - - - -  1 - -  ~ 7  �9 (16) 

The obtained expressions (I0), (ii), (15), and (16) show that in the adiabatic process the time constant of empty- 

ing is reduced by a factor of k', because k'T = tk'/T0, and the increase of pressure in the vessel is accordingly more rap- 

id. Figure I shows the curves plotted from expressions (i0), (II), (15), and (16). From these curves the filling of the 

vessel can be calculated. 

In the case of adiabatic processes in the vessel and on the assumption that n = k', the total filling time from 81 = 
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= 0 to ~2 = 1 amounts to: 

~ l lk  ' 

supercr~- ~subcr ~cr + 2 cr / 
k '  k '  ] /  kr~-- -1  1 

cr _ 1 
__ ~:r~R + 2  k ' ( U + l )  k '  13cr+2 

We can assume approximate ly  that  in the isothermal process 

2 

k ' + l  

c r  

k'  -t- I 

(17) 

~supercr@ ~ s u b c r  2~cr" (18) 

The value ~cr is determined from the index n of the process occurring in the stream of gas. 

Calculations show that curves calculated for the isothermal process and for values of n from 1.01 to 1.41 differ lit- 

I A" I . -FT  
I 

! % 

t ie  from one another. Hence, the main  quantity affect ing the course of  
the pressure increase curve is the index k '  of  the process of  change of  [i[-~ " 

state of  the gas in the vessel. /2.8 ~ e 
I 

The i l lustrated curves correspond to the boundary values of  k ' .  In 0,6 I 
the presence of heat  transfer that does not correspond to the boundary con- ~t 
ditions the curves of  pressure increase in the vessel l ie  between these fit 

curves. 0,2 

Emptying of vessels of  l imi ted  capac i ty  and constant volume. In / 
the process of  emptying the amount of gas contained in the vessel de-  0 

creases with time�9 Hence, the change in this amount in dt seconds will  
be 

~/e5 qy qz5 

Fig. 1. Graphs for determining the f i l l ing 
t ime  in the case of ad iaba t ic  and isothermal 

- -  dG = Gsecd[. (19) variat ion of  the state of  the gas in the ves- 
sel: 1) k '  = n- -  1.4; 2) k '  = 1, n = 1.4. 

As before, the expressions Gse c are given by formulas (1) and (2), depending on the flow conditions. 

The quantities P0 and v0 are not constant. In this case their  var ia t ion is given by the equation of  state, since no 
energy enters from the outside when the vessel is emptying.  

Supercri t ical  emptyin$.  We substitute in Eq. (19) the value  of Gse c for supercr i t ical  outflow and after known trans- 
formations we obtain 

X 

l - -3k '  

dr=  - -  V 1 X 
rio - -  Pio 

1 

Pi0 n + 1 n-t- 1 

(20) 

For isothermal variat ion of  the state of  the gas in the vessel (k' = 1) we have 

d t =  - - V  af~c__ 
p~ n +  1 

(21) 

or  

d '~ - -  d p i  

Pi 

Integrat ing in the l imits  of var ia t ion of gas pressure, we obtain 

P~ = Pio e x p  ( - -  ~) or ~u - -  e x p  ( - -  ~:), (22) 

where Su = Pi/Pi0 �9 
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V ( 2gnRTio [3~ -vz 
As mentioned above, % =  ~ f  ~ T -  i- c r )  is the constant of the exponent ial  curve of  decrease of  pres- 

sure in the vessel. This value can be obtained exper imenta l ly .  

In the case of  outflow from the vessel into a medium with constant pressure relat ion (22) will be as follows: 

~l = ~io e x p  'r (23) 

where 

~lo=Pa/Pio, ~ =Pa/Pi" 

Supercri t ical  flow ceases as soon as B i becomes greater than Bcr. 

For ad iabat ic  variat ion of  the state of  the gas in the vessel expression (20) takes the form 

I v(  /2 n T,o)l 
Pio / , n + 1 Pio 

(24) 

O r  

d �9 =- - -  I$. 2k' d l~u" 

After integrat ion we arrive at the expression 

I - - k "  1 - - k  ' 

x k '  ~ 1 

(25) 

(26) 

The values of  the re la t ive  pressure B u are determined not from the in i t ia l  pressure Pi0, but for Pa. In this case 

~u = ~io/~i. (27) 

Figure 2 presents curves ca lcula ted  from formulas (23) and (26). The curves show that  for ad iabat ic  variat ion of  

the state of the gas in the vessel emptying is a l i t t l e  more rapid than under isothermal  conditions. 

Subcri t ical  emptying.  For subcri t ical  flow in the case of  isothermal variat ion of the state of the gas in the vessel 

we obtain the following relat ion between pressure and t ime:  

d P i  - - X  
Pi 

2 n-}- 1 1 

• [( i-= _( .; ITl-= = 

j 
(28) 

_ o~f.__'T'-l/lf/- 2 g n R  dt. 

V V n - - 1  

Since 

PalPi = fh and @ ,  = - - p o  Ct ~ i l ~ ,  

- -  dpi lp  i = d ~il~i" 

O.2 

O.3 

0.4 
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% 
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/Ts t U 2 25 I 

Fig. 2. Graphs for determining emptying t ime  

in the case of  supercr i t ieal  flow: 1) ~i = Bi0 

e x p r ,  Si0= 0.05; 2) Su = e x p ( -  1"), k ' =  1, 
n = 1.4; 3) k '  = n = 1.4; ~" from (26) 

In view of  these expressions Eq. (28) becomes 

2 n--bl 1 

d ~_____L_~ ~i n _ ~ = ~c r  n + 1 d x. (29) 
~i n - -  1 

The left  side of  gq. (29) is a b inomial  differential ,  which can be integrated for n = 1. 4. Performing the in-  
tegration,  we obtain 
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' I (+  + , : [ t c T r  V n--ln_}_ 1 D ~ + 0  "/-)'14 -a 

- - ( @  D~ +-14-D~ + 7D2)] 
3 

(30) 

where 

and 

1 

n =  1.4; ,3c'~'r ] / ( n - -  1) / (n+ 1) =0 .257 .  

For subcritical flow and adiabatic variation of the state of gas in the vessel Eq. (19) becomes 

1--3k " 

V (Pi/Plo) 2k" d (PJPio) 
dt = 2 2 ~+1 X 

1 
1 ' ) - -  n §  l/~ ~crn 

n ~ l  

c~ fk' ( 2gnRTi~ + l 

X 

( 
0 1 )  

which can be written in the form 

1 2 n-~-I 1 k ' j - I  

f-w -de = ,~cr n -  1 Pi n - -  ~i ~i d~i. 
P0 ~i~k'- n -5 1 

(39.) 

On the right side of the equation there is a differential binomial, the condition of integrability of which is 
satisfied when n = k' = 1.4. For k' = 1.4, Eq. (32) can be written in the form 

~0,143 2 7 1.4eio d ~ = 0 , 2 5 7  1 - -  ~i d~}. (s3) 

After integration we obtain 

. Ar, O 143 1,8 V 1 --[317 

41317 

i / f  2__ 3 1 - -  1317 
+ 2 

813Y 

V 
~ 22 

3 In I n u I - -  1317 
+ _ /  

1 - -  V 1 - 1317 

)<2 
__ 1 - -  1327 

4 

4~-~-- 

§ 

+ 

(s4) 

§ 

V 2 
3 1 - -  1327 

2 

8~2' ) l  3 In 1 +  1--[327 
4- 1-6 _ / - ~  " 

1 - -  ] /  ] - -  ~27 
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Figure 3 shows the curves of pressure variat ion for subcri t ical  emptying.  The curves were ca lcula ted  from formulas 
(30) and (34). Here, as in the case of filling, emptying is more rapid for adiabat ic  variat ion of  the state of the gas 

in the vessel. The emptying curve for the adiabat ic  process was ca lcula ted  

0.7 x x 

\ \ .  
! 

0.75 t25 t2.6d5 [175 ~292~'~ 

for Bio = 0.53. 

Fil l ing of vessel of l imi ted  capaci ty  and var iable  volume for variable 
cross section of  opening. We have examined fi l l ing and emptying in the case 
of constant volume.  In the case of  var iable  volume, from the condition of 
conservation of  the amount of gas we have 

d(v) dG = Gsecdt = ~ . 05) 

Fig. 3. Graphs for determining the emp-  
tying t ime  in the case of  subcri t ical  flow: 

1) k =  1, n =  1.4; 2) k = n =  1.4, Bi0 = 
= 0.53. 

V=Vo(1-}-p), p=Vr V ; = V - - V o ,  
1 - - k '  

1 1 

- -  - -  1 RTio" 
v i = v i ~  Pi I Pio \ Pi / o T 

Substituting (86) in (35), we obtain 

Here V and v i are variables expressed by the following relations: 

(3G) 

1- -k '  1 [- ] k'  OsecRLo dt pd'  = d & ( 1 +  ~ ) . 
Vo 

(37) 

For supercri t ical  flow gq. (37) has the form 

cr [ P o  R T o  - -  

2gn 

n-}- I  

2 1--k '  

~c~r RTio dt p~ k" Vo 1 = 

1 

[ 1 = d  p~ ( lq -p )  . 

(38) 

Consider the case where the in i t ia l  temperature  of  the gas in the vessel is equal to the temperature  of the gas in 
the pressure source (To = Ti0), which is val id enough for many devices.  For isothermal variat ion of  the state of the gas 
we obtain 

~ / /  2__ 
~[p,] /To 2gn ~cr voldt=d[p~(1 +~)1- (39) 

nq-1  

We replace  the var iable  section of the opening by the relat ion 

: = fmax ~ (t), , (t) = P M x .  (40) 

The value  of the function r is given either by a system of different ia l  equations or, as in the case of  machines and en-  

gines, by a k inemat ic  relationship - the distribution diagram expressing the relationship between the cross section of  the 

openings and the coordinate of  the piston. 

In view of (40) and (8), gq. (39) can be written in the form 

Integrat ing (41) with the in i t ia l  conditions 

9(~)dr = d[~,(1 -~ p)]. (41) 

= 0 ,  [~ ~ P i n : ,  ~ i = ~ i n ,  

we have 
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1 + I *  1 + ~  
o 

The first term of  the obtained expression gives the change of gas pressure in the vessel when its volume changes, 
while the second gives the increase in pressure due to filling. 

If the function ~0") is known, the equation can be integrated by the numerical method for both supercritical and 
subcritical filling. 

For subcritical filling the second term is determined from Fig, 1. In this case filling is examined in an isolated 
short interval of  time ~'i' during which the values of  ~O0"i) and (1 + gi) are known and constant. 

Once the pressure increment in r i  has been determined from Fig. 1, it must be multiplied by the ratio ~0"i)/(1 + 
+ ~i)" The vaIue obtained will represent the pressure increment in the interval o f  t ime considered. 

Emptying of  vessel of limited capacity and variable volume for variable cross section of opening. When the cross 
section of  the opening and the volume of  the vessel are i o n  variable, the loss of  gas from the vessel and the parameters 
of  the gas in the vessel are related as follows" 

(43) 

or for supercritical flow 

~ c~f 2 g n  ~crdt  = - - d  Vo(1 + I-~) = 
". n + 1 Vio(pw/pi) i/h, 

1 

rio 

(44) 

In this case the values of  Pi and v i are the variable values of  the pressure and specific volume of  the gas in the ves- 
sel. 

Using the relations 

1 

vi : rio (p~o/p~) ~" , Pc = Pio (v~o/vz) k', 

we find 

Now 

Using (8) and (40), we obtain 

k'+! 
k' 

vi rio \ Pio / 

k'+l ~ /  

rio \ Pio / 

2 

2g,  a t  : 
n + l  

1 

Uio 

M-}-I 1 

(45) 

(46) 

(47) 

For isothermal variation of the state of gas in the vessel (k' = 1), after division of  (47) by Bi(1 + ~), we have 

d I ~ ( 1  + ~ ) 1  ~ (~)d~ (48) 
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With initial conditions T = 0, ~ = ~in, ~i = ~in the integral of (48) will be 

~in' (1 --}-l~in) 1 -+-v. ' 
o 

(49) 

and, hence, the variable pressure in the vessel is 

o 

(50) 

In the case of  subcritical flow, when ~i > ~cr, the value of ~i is calculated as follows. 

We write (50) in the form 

~----- ~ t n ( t  q - l ~ i n ) -  [3 in(1 q - P ' i n ) l q - I ~  l q - ~  (1 -- exp --,i q~(r )'1+~. 
o 

(51) 

In this case the second term gives the pressure drop in the vessel due to emptying. For subcritical flow the value 
of the second term must be replaced by the value determined from Fig. 2 for the small interval of  t ime during which 
@i)/( 1 + ~i-1) can be regarded as constant. 

NOTATION 

V, V0 - variable and initial values of volume of vessel; f, fmax - variable and maximum cross sections of open- 

ing; Pi0, vi0, Ti0 and Pi, vi, Ti - initial and variable values of pressure, specific volume, and temperature of gas in 

vessel; Pa, Ta - pressure and temperature of medium into which Vessel empties; P0, v0, and T o - pressure, specific vol- 

ume, and temperature of source from which vessel ks filled (assumed constant); G - gas flow per second; g - accelera- 

tion of gravity; n - index of polytropic process of variation of state of gas in stream; k' - index of adiabatic variation 

of state of gas in vessel; t - time; ct - flow coefficient. 
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